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We investigate the low-energy theory of a one-dimensional finite capacitance topological Josephson junction.
Charge fluctuations across the junction couple to resonant microwave fields and can be used to probe microscopic
excitations such as Majorana and Andreev bound states. This marriage between localized microscopic degrees of
freedom and macroscopic dynamics of the superconducting phase, leads to unique spectroscopic patterns which
allow us to reveal the presence of Majorana fermions among the low-lying excitations.
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Introduction. Quantized supercurrent oscillations in
Josephson junctions strongly coupled to cavity photons,
within the framework of circuit quantum electrodynamics
(cQED), have become a prominent source, not only for the
development of quantum processors based on the transmon
[1–8], but also in the study of mesoscopic solid-state
phenomena. Their high-Q superconducting resonator
environment and the nonlinearity of the junction, allow
precise control and high resolution microwave probing while
maintaining strong coherence throughout the system. New
generation hybrid devices combine additional solid-state
components [9–18] in order to enhance their tunability,
control their responsiveness to external fields, and develop
a framework that can support unique quantum states, which
may be difficult to probe and control in other systems.
A promising direction is to include solid-state materials
that when embedded inside a Josepshon junction can realize
topological superconductivity via the proximity effect. Prime
candidates include one-dimensional realizations of a helical
liquid, including nanoribbons made of topological insulators
such as Bi2Se3 and Bi2Te3 [19–25], or strong spin-orbit
semiconductors such as InAs [26–30]. The resulting topo-
logical Josephson junctions can nucleate Majorana modes
whose properties can be harnessed to generate improved qubit
devices [31–38]. So far mostly pristine topological cQED
devices were theoretically studied. However, in present exper-
imental realizations a combination of Majorana and Andreev
bound states is expected to be present within the junction’s
weak link [39–48]. While their hybrid properties should play
a crucial role in the development of current and future qubit
devices, viable experimental methods to differentiate between
their signatures in cQED are still wanting.
In this Rapid Communication we develop a methodology
which allows one to study a floating mesoscopic topological
Josephson junction, and to predict the experimental signatures
of its low-energy excitations. The theoretical challenge stems
from the interplay of the microscopic (bound states) and
macroscopic (transmon) degrees of freedom controlling the
dynamics of the junction. Our method identifies the relevant
low-energy degrees of freedom and derives their combined
dynamics. Using this method, we extract the dipole transitions
of the device, which reveal the presence of bound states
in the junction through a fine structure around the plasma
frequency. These transitions target processes related to the
Andreev bound states and their interaction with the Majorana
fermions, and contain revealing signatures of these two types
of bound states.
Description of the model. We consider a one-dimensional
helical liquid bridging two superconducting islands, giving
rise to Majorana and Andreev bound states. For concreteness
we model a topological insulator nanowire with an applied
magnetic flux  [23–25]; we should note that our results also
apply to other realizations with small modifications, such as
semiconductor nanowires [27,28]. The nanowire is connected
in parallel to a regular Josephson junction with strong Joseph-
son coupling (see Fig. 1). The anharmonic spectrum of the
transmon, which is required for a viable qubit device, can
be controlled by a side gate. Due to quantum confinement
in the radial direction of the nanowire, multiple bands exist
separated by ∼v/R, with R the nanowire’s radius and v the
Fermi velocity. We tune the magnetic flux close to  = hc2e ,
noting that any discrepancy from this value will open a finite
magnetic gap B in the Dirac spectrum [49], and set the
chemical potential to |μ| < vR − B. This ensures that only
the lowest nondegenerate band is occupied, thus creating
effectively a one-dimensional system. For convenience and
without affecting the main results, we have set μ = 0 through-
out.
For a complete model of the system we consider
the action S = Ssc + SW + Stun + SJ . The first term Ssc =∑
j
∫
dt dz †j G
−1
j  j , describes the proximity-induced su-
perconductivity in the left ( j = 1) and right ( j = 2) is-
lands, given by the Green’s function G−1j = i∂t − (iv∂zσy +
Bσz + ∂t φ j2 )τz + σyτy. Here σi and τi are Pauli matrices
in spin and Nambu space, respectively, with the spinor  =
1√
2 (ψ↑, ψ↓, ψ
†
↑, ψ
†
↓)T . The superconducting phase in the pair-
ing term eiφ j (t ) is treated beyond the mean-field approxi-
mation, which allows us to take into account the effects of
charge fluctuations. In writing Ssc we employed the gauge
transformation  → e[iφ(t )/2]τz which removes the phase
from the pairing term and adds a coupling of ∂tφ j (t ) to
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FIG. 1. Schematic description of the model. A helical liquid
bridging two superconducting islands nucleates Majorana and An-
dreev bound states. The states mediate charge transfer between
the islands through single electron processes. A parallel Josephson
junction generates tunneling of Cooper pairs of strength EJ . The
helical liquid is depicted as a topological insulator nanowire threaded
with a constant magnetic flux .
the density †j  j . The weak link is modeled as a two-
state system, given by SW =
∫
dt C†(i∂t − ετz − Bσzτz )C −
Uc†↑c↑c
†
↓c↓, where C = 1√2 (c↑, c↓,−c
†
↑,−c†↓)T with the oper-
ators c↑, c↓ representing low-energy modes with spin orien-
tation along the nanowire. This is justified due to the finite
size of the weak link and the resulting level quantization.
We have also included ε which can be controlled by a local
gate operating on the weak link, and a repulsive Coulomb
interaction U . We assume that the coupling of the weak
link to the islands is given by a tunneling term of the form
Stun =
∑
j (λ
∫
dt †j (0)e[iφ j (t )/2]τzC + H.c.). This term can be
realized by locally narrowing the nanowire near the edges of
the weak link [37], which opens a magnetic gap and results
in tunnel barriers. An alternative approach which does not
require a tunnel junction is presented in [49]. The action
of the parallel regular Josephson junction is given by SJ =∫
dt[ ( ˙φ1− ˙φ2 )216EC +
( ˙φ1+ ˙φ2 )2
16E ′C
+ EJ cos(φ1 − φ2)]. Here EC and E ′C
define the scale of the charging effect, originating from the
finite capacitance of the mesoscopic device, with the ratio
E ′C/EC  1 controlling the strength of the mutual capacitance.
Throughout we will assume that the system operates in the
transmon regime EC, E ′C  EJ [1], where EJ is the Josephson
energy. We consider the case where there is no flux penetration
through the loop created by the two parallel junctions (see
Fig. 1).
The dynamics of the mesoscopic topological junction is
dominated by a set of degrees of freedom for which we now
derive an effective theory. The theory accounts for the interac-
tion of Cooper pairs with the bound states, by systematically
integrating all highly fluctuating degrees of freedom [49].
This results in an effective Hamiltonian Heff = HC + Hγ + HT
which we later use for our main analysis of the system. Here
HT is a modified transmon Hamiltonian
HT = 4EC (nˆ − ng)2 + E ′C ( ˆN2+ 2αC†τzC ˆN ) − EJ cos(ϕˆ),
(1)
where nˆ = 12 (nˆ1 − nˆ2) is the relative number of Cooper pairs
between the islands, ˆN = nˆ1 + nˆ2 is the total number of
Cooper pairs exceeding neutrality in the islands, and ϕˆ =
ˆφ1 − ˆφ2 is the phase difference conjugate to nˆ. The operator
e−iqϕˆ (eiqϕˆ) transfers a charge q from the left to the right
(right to the left) island. We redefined EC and E ′C to include
the capacitance of both the topological Josephson junction
and the rest of the transmon. A side gate generates an offset
charge ng, measured in units of the Cooper pair charge. The
parameter α ≡ αc + λ2v (1 − 
2
B
2
)−1, controls the electrostatic
interaction between the weak link and the islands, and is
comprised of two contributions: one is capacitive, given by
a phenomenological parameter αc which depends on the ge-
ometry of the device, and the other is a consequence of the
induced superconductivity in the weak link.
The weak link is governed by
HC = (ε˜ + B)c†↑c↑ + (ε˜ − B)c†↓c↓ + ˜Uc†↑c↑c†↓c↓
+ 2 cos(ϕˆ/2)(eiˆδc↑c↓ + e−iˆδc†↓c†↑), (2)
where  = λ2/v is the induced pairing and ˆδ = 12 ( ˆφ1 + ˆφ2) is
the average phase conjugate to ˆN . The operator e−iqˆδ transfers
a charge q from the weak link to the islands. The induced
pairing has emerged from the integration of high-energy
degrees of freedom so it should satisfy   . To ensure
the presence of a low-lying Andreev bound state we further
assume   EJ . The rest of the parameters were modified
to ˜U = U + 2E ′Cα2 and ε˜ = ε + E ′Cα2. The coupling to the
Majorana fermions is given by
Hγ = weiˆδ/2[ieiϕˆ/4(c↑ + c↓)γ1 + e−iϕˆ/4(c↑ − c↓)γ¯2] + H.c.,
(3)
where γ1, γ¯2 are Hermitian operators denoting the Majorana
fermions localized near the weak link and w ∼ √B. We
assume negligible hybridization with the Majorana fermions
γ¯1, γ2 at the nanowire’s remote ends and exclude them from
the model [49]. As the parity in each island is given by the
occupation of the nonlocal zero modes f1 and f2, defined by
γ1 = i( f †1 − f1) and γ¯2 = f †2 + f2 [50], the transfer of charge
in Eq. (3) is also accompanied by a change of fermionic parity.
Since the system is only capacitively shunted the total number
of particles is conserved and can be fixed by a neutrality
condition 2 ˆN + nˆW = 0, where nˆW = c†↑c↑ + c†↓c↓. With this
constraint and the different parity combinations, we end up
with eight different subspaces denoted by |p1, p2, σW 〉, where
p j = 0, 1 indicates the occupation of f j and σW = 0,↑,↓,↑↓
correspond to the spin configurations in the weak link.
Spectroscopic signatures of bound states. To study the
effect of the bound states on the spectroscopic signatures, we
take for a long wire U ∼ EC and αc  1. We first consider the
case where the Majorana fermions are absent, by setting B =
0. The resulting Hamiltonian conserves fermionic parity. By
projecting Heff onto the {|0, 0, 0〉, |0, 0,↑↓〉} subspace we
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FIG. 2. Predicted spectroscopic signatures for different configurations of bound states. Dipole transition lines are presented as a function
of ng for the lowest-energy sector. We use values typical for a transmon, taking EC/2π = 0.4 GHz, EJ/EC = 27, /EJ = 10, and ε/EC = 0.8
with U/EC = 0.6 for the weak-link parameters. We have also set E ′C/EC = 1, as any deviation of this ratio from unity results in a simple
renormalization of the rest of the parameters. In the case B = 0 we look at three different coupling strengths: (a) /EC = 0.5, κ/2π = 3 MHz,
(b) /EC = 0.12, κ/2π = 0.4 MHz, and (c) /EC = 0.04, κ/2π = 0.3 MHz. All lines have the same periodicity ng → ng + 1, indicating
tunneling of solely Cooper pairs. In (d) the magnetic gap is increased to B/EC = 11.8, which results in additional transition lines. With
the presence of Majorana fermions all transition lines exhibit an ng → ng + 1/2 periodicity due to single particle tunneling. We have set
/EC = 0.01, ε/EC = 1.3, and U/EC = 2.3. Patterns fall into three types according to their behavior at ng = 1/4, as seen in the magnified
insets. Insets 1 and 3 show patterns characteristic to Andreev bound states; however, due to the mixing of fermionic parity they develop a gap
at ng = 1/4 of size  f = 0.57 MHz and  f = 26.4 MHz, respectively. Inset 2 shows the effect of Majorana fermions and Andreev bound
states hybridization in its most distinctive form. The central lines show spectral holes, and are enveloped by a form of type 1 with an increased
gap  f = 1.86 MHz. In insets 1 and 2 we used κ/2π = 0.1 MHz, and in inset 3 we used κ/2π = 0.9 MHz.
obtain
H =
(
HT [nW = 0] 2 cos(ϕˆ/2)
2 cos(ϕˆ/2) HT [nW = 2] + 2ε˜ + ˜U
)
, (4)
where nW = 〈p1, p2, σW |nˆW |p1, p2, σW 〉. We can get a qual-
itative picture by focusing on solutions with ϕ  1, as is
characteristic to the transmon regime. Ignoring the effect of
the offset charge, a straightforward diagonalization of Eq. (4)
gives us two independent sectors H±  4ECnˆ2 + EJ ϕˆ2/2 ±√(E ′C + 2ε + U )2 + 162/2, corresponding to two shifted
harmonic oscillators whose frequency ωp =
√
8ECEJ is the
plasma frequency. Higher order contributions in ϕ lead to
an anharmonicity of order EC . The split spectrum is a re-
sult of the Andreev bound states inducing additional charge
fluctuations in the weak link [51,52] as compared to the
traditional transmon. One can appreciate this by looking at
the charge distribution given by 〈nˆW 〉±  1 ± tanh( E
′
C+2ε+U
4 )
in each sector ofH±. This was calculated using the eigenstates
of Eq. (4) with ϕ  1. To obtain a quantitative description of
the model we construct the Hilbert space using the eigenstates
of nˆ and nˆW . Since only Cooper pairs tunnel in this regime,
the nW = 0 sector imposes n ∈ Z, while in the nW = 2 sector
n ∈ Z+ 1/2, due to the absence of a Cooper pair in one of
the islands. This division between the sectors is illustrated
in the dependence of the energy spectrum on ng (the charge
dispersion [1,3]), and can be seen in the spectroscopic sig-
natures (Fig. 2). The charge fluctuations between the two
sides of the junction result in a coupling of the system to an
electromagnetic field via the dipole moment, proportional to
nˆ. The spectroscopic pattern is given by the cavity response
Si j (ω) = |〈i|nˆ| j〉|2( κ2[ω−Ei j (ng)]2+(κ/2)2 ), calculated as a function
of ng. Here ω is the frequency of the photons, κ is determined
by the quality factor of the cavity, and Ei j (ng) is the energy
difference between the ith and jth level of Heff. As in the
traditional transmon, the dominant dipole transitions are be-
tween neighboring levels separated by ∼ωp. Here, however,
each sector of H± contributes a transition line shifted with
respect to its partner by ng → ng + 1/2, which results in a
doubletlike pattern. For  → 0 the transition lines cross at
the degeneracy points ng = 1/4 + Z/2 in a manner which is
seen in experimental measurements of the transmon [3] and is
usually a result of quasiparticle poisoning.
The dependence of the charge distribution 〈nˆW 〉± on the
local gate ε suggests a special symmetry point at ε = −(E ′C +
U )/2. By tuning the system to this point, each sector of
H± contributes a single fermion to the weak link which
occupies the Andreev bound state and results in an added
pair of transition lines to Figs. 2(a)–2(c). This behavior is
superficially similar to the Majorana-transmon [7,12], where
neighboring Majorana fermions hybridize in the weak link. By
shifting the gate away from this finely tuned symmetry point,
one can easily distinguish between the role performed by
Andreev bound states and that of neutral Majorana fermions,
as the latter are not affected by the gate.
We now change the flux in order to open a magnetic
gap B = 0. This uncovers the inherent differences between
Andreev bound states and Majorana fermions, as observed in
their distinct sensitivity to ng. The two combined bound states
result in a rich array of parity configurations due to single
fermion transfer. The nW = 0, 2 subspaces now have variants
of even and odd fermionic parity on each side while in total
keeping a symmetric combination (p1 = p2). In both variants
a spin singlet is transferred between the islands without any
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FIG. 3. Dependence of the bound-states hybrid pattern on the
magnetic gap. Here we show dipole transitions as a function of ng,
following the pattern in inset 2 of Fig. 2, for the values (a) B =
11EC , (b) B = 11.3EC , (c) B = 12EC , and (d) B = 12.5EC .
The patterns have a similar dipole magnitude and are plotted with
κ/2π = 0.1 MHz. The rest of the parameters are the same as in
Fig. 2(d).
direct response to B. The nW = 1 subspaces, on the other
hand, which have an asymmetric parity combination (p1 =
p2), accommodate spin-polarized Andreev bound states which
hybridize with the Majorana fermions and result in a Zeeman
splitting around the anharmonic transmon levels. The sym-
metric and asymmetric subspaces couple to each other with
strength ∼√B, and due to single fermion tunneling the
periodicity of the spectroscopic patterns is halved with respect
to ng. All the dipole transitions (see Fig. 2) are grouped into
bands with a bandwidth determined by the charge dispersion
∼e−
√
8EJ/EC
. When approaching ng = 1/4, the correlations
between the subspaces cluster into three distinct forms. Two of
the forms have transition lines which can be distinguished by
their curvature near ng = 1/4 and a shift of ng → ng + 1/4,
one having an ∼ cos2(2πng) dependence while the other is
∼ sin2(2πng). This shift in the offset charge persists even
for very small values of B, and represents the difference in
the energy spectrum between the symmetric and asymmet-
ric parity subspaces. The third form, which is characterized
by the hybridization between Majorana and Andreev bound
states, shows forbidden transitions near ng = 1/4, indicating
the presence of Majorana fermions. The exact pattern is not
rigid as can be seen in Fig. 3. By increasing B the band
gradually changes its curvature and reduces its gap size, while
still retaining the forbidden transitions. Thus a sweep of the
magnetic flux reveals the unmistakable transition lines char-
acteristic of Majorana fermions. Note that all three patterns
can change from one form to the other, as varying the flux
will inevitably create level crossings when B ∼ ωp.
Conclusion. In this work we investigated the physics of
coupled low-energy bound states in a one-dimensional topo-
logical Josephson junction, where charging effects play an
important role, by developing an effective theory for the
physics of the weak link. We have shown that we can tune
the junction between two remarkably different behaviors. The
first is characterized by the absence of Majorana fermions,
with Andreev bound states generating dipole transitions sim-
ilar to those found in the traditional transmon. The second,
in contrast, marked by the nucleation of Majorana fermions,
displays a striking difference in the vicinity of the ng = 1/4
point, where some of the transition lines develop a vanishing
intensity. The reason for this behavior is traced to a destruc-
tive interference between different parity states, mediated by
the Majorana fermions. This signature emerges despite the
presence of Andreev bound states and is distinct from their
behavior. While zeros in the intensities at ng = 1/4 might
occur accidentally also in the absence of Majorana fermions,
the application of a local gate reveals the persistent neutrality
of the Majorana fermions by maintaining a sharp zero at this
value of the offset charge. Such a measurement would benefit
from the unparalleled sensitivity of the cQED framework,
which already accomplished experimental feats ranging from
the detection of two-level defects in the oxides [53] to single-
photon detection [54,55] in the cavity. The same noninvasive
methods can allow unprecedented accuracy for the detection
of Majorana and Andreev bound states, as well as the charac-
terization of this hybrid Majorana-Andreev-transmon model,
a natural precursor for a qubit device.
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